Connecting active and passive $\mathcal{PT}$-symmetric Floquet
  modulation models by Harter, Andrew K. & Joglekar, Yogesh N.
Connecting active and passive PT -symmetric Floquet modulation models
Andrew K. Harter
Institute of Industrial Science, The University of Tokyo
5-1-5 Kashiwanoha, Kashiwa
Chiba 277-8574, Japan
Yogesh N. Joglekar
Department of Physics, Indiana University-Purdue University Indianapolis
402 N. Blackford St., Indianapolis, IN 46202, USA
(Dated: August 6, 2020)
Open systems with gain, loss, or both, described by non-Hermitian Hamiltonians, have been a
research frontier for the past decade. In particular, such Hamiltonians which possess parity-time
(PT ) symmetry feature dynamically stable regimes of unbroken symmetry with completely real
eigenspectra that are rendered into complex conjugate pairs as the strength of the non-Hermiticity
increases. By subjecting a PT -symmetric system to a periodic (Floquet) driving, the regime of
dynamical stability can be dramatically affected, leading to a frequency-dependent threshold for the
PT -symmetry breaking transition. We present a simple model of a time-dependent PT -symmetric
Hamiltonian which smoothly connects the static case, a PT -symmetric Floquet case, and a neutral-
PT -symmetric case. We analytically and numerically analyze the PT phase diagrams in each case,
and show that slivers of PT -broken (PT -symmetric) phase extend deep into the nominally low
(high) non-Hermiticity region.
I. INTRODUCTION
Spanning the last two decades, there has been a dra-
matic increase in the study of systems with dynamics
governed by non-Hermitian Hamiltonians. These Hamil-
tonians lead to behavior with stark differences from their
corresponding Hermitian counterparts, including gener-
ally complex eigenspectra and non-orthonormal eigen-
bases; and, as such, they are capable of describing funda-
mentally open systems which experience external, non-
conservative forces arising from the coupling to the sur-
rounding environment.
One important class of non-Hermitian Hamiltonians
are those with parity-time (PT ) symmetry [1–3] which
feature spatially separated, balanced sources of gain and
loss. In contrast to a general, non-Hermitian case, PT -
symmetric Hamiltonians feature a regime of their param-
eter space, known as the PT -symmetric regime, which is
characterized by a completely real eigenspectrum result-
ing in dynamically stable eigenstates. These eigenval-
ues remain real until the parameterization of the system
reaches an exceptional point [4–7] and the PT symmetry
is spontaneously broken, after which, part of the eigen-
spectrum becomes complex and the dynamics become
unstable.
Although first introduced over two decades ago as
a complex extension of quantum theory [1–3, 8], PT -
symmetric Hamiltonians quickly proved their usefulness
in describing optical systems [9, 10] with gain and loss,
opening the door for direct experimental observations
[11, 12]. In the years since, these findings have been ex-
tended to a wide variety of experimental setups including
waveguide arrays [13], optical resonators [14–16], electri-
cal circuits [17], mechanical systems [18], acoustics [19],
and atomic systems [20, 21]. Recently, empowered by
state-of-the-art quantum tomography and non-unitary
embedding techniques, experimenters have successfully
observed PT -symmetric systems at the fully quantum
level using advanced photonics [22–26], superconduct-
ing qubits [27], nitrogen vacancy (NV) centers [28], and
nuclear magnetic resonance (NMR) quantum computing
platforms [29, 30]. Consequently, the field has become
quite diverse in both theory and experiment. (For fur-
ther reading see the following review articles [31–34]).
While the aforementioned studies have largely been fo-
cused on static systems, recently, there has been an in-
creased interest in systems which feature time-periodic
sources of gain and loss. In these cases, the dynamical
stability of the system cannot be determined by analyz-
ing the properties of the time-dependent Hamiltonian at
an individual point in time. Specifically, a periodically
driven system [35, 36] can be characterized by an effec-
tive, time-independent Hamiltonian, called the Floquet
Hamiltonian, which accounts for the dynamical effects
that occur over an integer number of periods, and the mi-
cromotion operator that accounts for the dynamics dur-
ing one period. These systems feature novel symmetries
and topologies [37–39] which are experimentally accessi-
ble [40–45] and, in the non-Hermitian case, can feature
unique regimes of stability not found in their static coun-
terparts [46–54].
Previous studies have found that periodic, non-
Hermitian Hamiltonians having PT symmetry exhibit
broad regimes of both stability and instability with multi-
ple crossovers occurring at very low frequencies [46, 47].
The stabilizing effect of the periodic modulation leads
to new regions of unbroken PT -symmety and opens the
door to exploring frequency-dependent PT -symmetry
breaking [55–61]. Furthermore, such phenomena have
proved to be amenable to experiment in a variety of set-
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2tings [62–64].
In this theoretical study, we present a simple model
Hamiltonian which is periodically driven between two
PT -symetric configurations and parameterized such that
the model can encompass many of the previously de-
scribed PT -symmetric systems, connecting them via a
single parameter, as well as introducing new regions of
interest. We emphasize certain points in the parameteri-
zation which correspond to systems which are amenable
to various experimental setups. Furthermore, we analyze
the interesting regimes of long-term dynamical behavior
which arise as a result of carefully choosing the system
parameters as well as the type of driving.
The organization of the paper is as follows. In Sec. II,
we give a brief review of Floquet driving and the Flo-
quet effective Hamiltonian, connecting its eigenvalues to
the dynamical stability of the overall system. In Sec. III,
we introduce our parameterized, periodic-driving model
and explore the resulting PT -phase diagrams associated
to various realizations of the model. In Sec. IV, we give
the details of an analytical approach which helps to shed
light on some of the frequency dependent results previ-
ously discussed. We highlight the specific cases of PT to
reversed-PT -symmetric driving (Sec. IV A) and PT to
Hermitian driving (Sec. IV B). Finally we conclude with
a discussion of the overall implications of these results in
Sec. V.
II. BACKGROUND
We begin our study with a short description of a proto-
typical, two-site static PT -symmetric system which pro-
vides a generic platform to understand the PT symmetry
breaking phenomenon; this is because, as we will see be-
low, the PT -breaking transition is heralded by level at-
traction that leads to the exceptional-point degeneracy.
We then discuss the theoretical and practical implications
of introducing time-dependent driving and its effect on
the symmetry breaking phenomena.
For a static Hamiltonian, the PT -symmetry breaking
condition is determined by the emergence of complex-
conjugate eigenvalues. Consider, for example, the simple
PT -symmetric Hamiltonian with gain/loss rate γ,
HPT (γ) =
[
iγ −J
−J −iγ
]
= iγσz − Jσx (1)
where σx and σz are standard Pauli matrices. HPT com-
mutes with the anitlinear PT operator where P ≡ σx
and T ≡ ∗ (complex conjugation), which ensures that
the eigenvalues of HPT are either purely real or oc-
cur in complex conjugate pairs. Indeed the eigenval-
ues E±(γ) = ±
√
J2 − γ2 satisfy this. When γ is in-
creased from 0 to J , E±(γ) both remain real and the
non-orthogonal eigenvectors | ± (γ)〉 of HPT (γ) are si-
multaneous eigenvectors of the PT operator with eigen-
value unity; hence, for γ ≤ J , HPT (γ) has unbroken PT -
symmetry. It is easy to see that when γ > J , the eigenval-
ues E± are pure imaginary, complex conjugates. Due to
the antilinearity of the PT operator, however, the eigen-
vectors obey PT |+〉 = |−〉, meaning the PT symmetry
is broken. We note that the (Dirac) inner product of the
two eigenstates is given by |〈+|−〉| = min(γ/J, J/γ) ≤ 1,
and thus reaches unity at the exceptional point γ = J .
A system such as that in Eq.(1) is known as an active
PT -symmetric system. However, many properties of the
PT -transition, including the presence of an exceptional
point, are also shared by Hamiltonians with only mode-
selective losses. The latter are called passive PT sys-
tems, and they can be derived from active PT systems
by shifting the reference energy level by an imaginary
amount −iγ.
Thus, a prototypical lossy (or passive) PT Hamilto-
nian is given by HL = HPT − iγ12 [11]. Note that the
eigenvalues of HL are always complex and are indicative
of non-orthogonal eigenmodes that decay with time. At
small γ, the decay rates of the two modes are identi-
cal. With certain abuse of terminology, this region is re-
ferred to as a “PT symmetric region”. Beyond a critical
loss strength, the two decay rates become different and
the system enters a “PT symmetry broken region”. We
note that this definition relies on the lossy Hamiltonian
HL being identity-shifted from a genuine PT symmet-
ric Hamiltonian. Alternatively, one can define the PT -
breaking transition as the emergence of a “slowly decay-
ing” eigenmode, whose lifetime increases with increasing
γ. The latter criterion has been experimentally used to
characterize the passive PT transition by loss-induced
transparency. However, it is important to note that the
emergence of a slowly decaying eigenmode does not de-
pend upon the existence of an exceptional point [64, 65].
Consequentially, mode-selective-lossy or passive sys-
tems, while not themselves being PT -symmetric, drasti-
cally increase the range of experimental setups which are
possible, as the stringent requirement for matched gain
and loss is reduced to a necessity for pure loss only. They
also permit us to extend the ideas of PT symmetry and
exceptional points into the truly quantum domain. Due
to the quantum limits on noise in linear amplifiers [66], an
active PT -system, i.e. a system with balanced gain and
loss is not possible [67]; however, a passive PT -system
can be realized by appropriately post-selecting over the
quantum trajectories of a Lindblad evolution [27].
In contrast to the static case where PT symmetry
breaking occurs when the non-Hermitian strength is
equal to the Hermitian one, the dynamics are far richer
for a minimal model with periodic time dependence. For
example, if we let the gain/loss strength γ from Eq. (1)
be driven by some function, γ(t), the eigenvalues of the
instantaneous Hamiltonian HPT (t) can change between
real and complex conjugates depending on time and the
functional form of γ(t). Since the time-translational
invariance is, in general broken, no statement can be
made about whether the system is in the PT -symmetric
phase or PT -broken phase. However, for a time-periodic
3Hamiltonian with period T , i.e HPT (t + T ) = HPT (t),
according to the Floquet theorem [35, 36], the long-
term dynamics of the system are captured by the time-
evolution operator over one period (h¯ = 1)
G(T ) = Te−i
∫ T
0
dt′HPT (t′). (2)
Here, T stands for the time-ordered product that takes
into account the non-commuting nature of Hamiltoni-
ans at different times, [HPT (t), HPT (t′)] 6= 0. The non-
unitary G(T ) = exp(−iHFT ), in turn defines the effec-
tive, non-Hermitian Floquet Hamiltonian HF (J, γ, ω =
2pi/T ) which encapsulates the average effects of the peri-
odic driving. Thus, by analyzing eigenvalues of G(T ) or,
equivalently the quasienergeis F of the Floquet Hamil-
tonian HF , we are able to determine the long-term be-
havior of the system, including whether the system is in
the PT -symmetric phase (purely real quasienergies) or
PT -broken phase (complex conjugate quasienergies).
III. GLOBAL MODEL
In this section we describe a PT -symmetric Floquet
Hamiltonian with a parameter space which encapsulates
both passive and active PT -symmetric models as well
as Hermitian ones. Consider the general two-step driv-
ing between two static Hamiltonians H+ and H−, where
H± ≡ HPT (γ±) = −Jσx+iγ±σz and σx, σz are standard
Pauli matrices. We characterize the two non-Hermitian
strengths as γ± ≡ γ0(1 ± δ) where, without loss of gen-
erality δ ≥ 0. Thus, γ0 > 0 defines the average gain-loss
strength, and δ is the fractional deviation from the av-
erage in each step of the driving (see the summary in
Fig. 1). Thus, the system is governed by a time-periodic,
piecewise constant Hamiltonian
HPT (t) =
{
H+ , 0 ≤ t < T/2
H− , T/2 ≤ t < T (3)
in one period T , so that HPT equals H+ up to time T/2
where it is abruptly changed to H− for the rest of the
period.
Consequently, the time evolution operator over one pe-
riod is merely the product of two static time evolution
operators
G(T ) = e−iH−T/2e−iH+T/2 = e−iHFT . (4)
where the non-trivial effects in the Floquet Hamiltonian
HF arise because [H+, H−] 6= 0. When δ = 0, we obtain
the static case, with a single threshold at γ0 = J irre-
spective of the period T , or equivalently the frequency
ω = 2pi/T . As δ is increased from zero to unity, γ− → 0,
so that H+ is a PT -symmetric Hamiltonian and H− is
a Hermitian one. Finally, when the average gain-loss
strength is vanishingly small and δ → ∞ such that
γ± → ±δγ0, the periodic modulation is between PT -
symmetric Hamiltonians with reversed gain and loss lo-
cations.
µ = 1 µ = 0 µ = −1
H+
H−
FIG. 1. PT -symmetric Floquet modulation given by Eq. (3)
and parameterized by µ = (1−δ)/(1+δ). Each column shows
a pair of diagrams depicting the system governed by H+ (top
row) and H− (bottom row) respectively. Two sites with cou-
pling J are colored according to whether a site has a gain
+iγ (red), a loss −iγ (blue) or is neutral (gray). The first
column, with µ = 1, represents the static case, H+ = H−.
The central column, with µ = 0, corresponds to a system
evolving with a PT -symmetric Hamiltonian for half the pe-
riod and with a Hermitian Hamiltonian −Jσx for the other
half. The third column, µ = −1, shows a PT -symmetric
system in which gain and loss positions switch after half the
period, i.e. H− = H∗+ = PH+P. The three columns are char-
acterized by increasing ratio of gain-loss variation to its mean
value.
Motivated by this parametrization, we can define the
ratio of the gain-loss strengths in each half of the period,
i.e.
µ =
γ−
γ+
=
1− δ
1 + δ
(5)
so that δ = 0 gives µ = 1, δ = 1 gives µ = 0, and δ →∞
gives µ → −1 (Fig. 1). Now we can analyze the PT -
symmetry breaking properties of such time-periodic, non-
Hermitian Hamiltonians that modulate between H(γ0)
and H(µγ0), which correspond to the scaling of H± by
(1 + µ).
For an active PT -symmetric system, the meaning of
this driving is clear, given one has sufficient control over
the sources of gain and loss in the system. However, for
a passive PT -symmetric system, there is no gain. In this
case, the results for the passive system can be obtained
by translating the problem into an active PT -symmetric
system by a simple shift of the overall energy scale by
the imaginary amount i(1 + µ)γ0.
Passive systems, as discussed in the last section,
present an advantage easily seen in the static case, where
only a single site must have loss and the other can be
kept neutral. Now, for γ > 0, in a passive system, this
corresponds to alternating the rate of loss on a single site.
Similarly, for the case of µ = 0, the passive case simply
corresponds to on/off pulsing of the loss in the system.
However, when µ < 0 in a passive system, the situation
can no longer be achieved by controlling the loss of just
one of the sites; rather precise control over the rate of
loss on both sites must be obtained to implement these
cases.
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FIG. 2. PT phase diagram of the Floquet driving model in Eq. (3) with modulation parameter µ (see Eq. (5)) over the
parameter space spanned by γ0/J and ω/J , colorized by c defined in Eq. (7). We also indicate the static PT -symmetry
breaking threshold (γ0/J = 1) and the high-frequency effective PT -symmetry breaking threshold (γ∞) by the dotted blue
and dashed red lines respectively. In (a), µ = 0.9, which shows a PT phase diagram very close to the static situation; we
note that a small sliver of the static PT -broken phase begins to extend down into the region which is unbroken in the static
case. In (b), µ = 0.7, and the high frequency PT -breaking threshold has clearly increased and separated from the static
threshold, and the PT -broken regime clearly extends all the way to γ0 = 0 at the primary resonance frequency ω/J = 2.
In (c), µ = 0.5, and additional slivers of the broken phase extend down below γ0/J = 1; further, we clearly see regions of
PT -unbroken phase extend above γ0/J = 1. In (d), µ = 0, which corresponds to driving between a PT -symmetric Hamiltonian
and a Hermition one. In this case, we clearly see many slivers of the PT -broken phase have extended down to near γ0 = 0
at specific resonance frequencies which are located at ω/J = 2/n for integers n. In (e), µ = −0.9, and we note the recession
of the PT broken phase in the regions which had previously extended down to the even-numbered resonance frequencies at
ω/J = 2/n for even n. Similarly, the regions of PT -unbroken symmetry reaching above γ0/J = 1 have receded as well. In
(f), µ = −1, corresponding to driving between two exactly reversed PT -symmetric Hamiltonians. In this case, the regions of
extended PT -broken phase corresponding to even-numbered resonance frequencies have completely disappeared, as have the
regions of unbroken PT symmetry above γ0/J = 1.
In general, when the frequency of periodic modulation
is sufficiently high (ω is much larger than the magnitude
of the maximum eigenvalue of H+ and H−), the Floquet
Hamiltonian takes on an approximate form which is the
average of H+ and H−, namely, HF → H((1 + µ)γ0/2)
as ω/γ0 → ∞, and the PT -symmetry breaking condi-
tion approaches an effective static PT -symmetry break-
ing threshold
γ∞ =
2J
|1 + µ| . (6)
In Fig. 2, we show the numerically obtained PT -phase
diagram for the (γ0/J, ω/J) parameter space at six dif-
ferent values of µ = {0.9, 0.7, 0.5, 0,−0.9,−1} in panels
(a)-(f) respectively. These values provide snapshots in-
dicating the changes to the PT -phase diagram over the
same section of the parameter space spanned by γ0 and
ω. The color shown in each panel indicates the normal-
ized amplification rate, i.e.
c ≡ |g+| − |g−||g+|+ |g−| , (7)
where g± are the eigenvalues of the time evolution matrix
after one period, G(T ), arranged such that |g+| ≥ |g−|.
Thus, c, is a measure of the PT -symmetry breaking;
specifically, when HF has all real eigenvalues, c = 0. In
each panel, the dotted, blue horizontal line indicates the
static (µ = 1) PT -symmetry breaking threshold, which is
independent of ω; further, to contrast the changes in each
case, the high frequency effective static PT -threshold γ∞
is shown by the dashed, red horizontal line.
In Fig. 2(a)-(c), µ > 0, so that in the high fre-
quency limit, the effective static PT -breaking threshold
is J < γ∞ < 2J according to Eq. (6). In (a), we show the
PT phase diagram for µ = 0.9. This case is only slightly
5removed from the static situation, and, as expected, the
phase diagram is largely independent of ω; however, a
small region of the PT -symmetry broken phase has be-
gun to extend down into the region in which the PT
symmetry is unbroken in the static case. As µ is re-
duced to 0.7 in (b), this region of extended PT -broken
phase continues to reach down until it is clear that it ap-
proaches the primary resonance frequency of ω0/J = 2
near γ0 = 0. As we decrease µ further to 0.5, as in (c),
we see this region expanding as well as the introduction
of many other similar regions of broken PT symmetry
below the static PT threshold at γ0/J = 1. Further-
more, we see that the region of unbroken PT symmetry
has begun to extend above γ0/J = 1 even in the lower
driving frequency regime (ω/J < 2), and in the high fre-
quency regime, we see that the effective PT threshold
has, at this point, increased significantly from the true
static case of 1 to γ∞/J = 4/3.
In Fig. 2(d), the PT phase diagram is shown for the
case where µ = 0, which corresponds to driving between a
PT -symmetric Hamiltonian and a Hermitian one. In this
case, previous experiments have successfully probed the
frequency-dependent crossovers between broken and un-
broken PT symmetry which exist in this system [63, 64].
Here, we see the increased size of the PT -symmetry
breaking regions which began forming in (a)-(c), and we
note that they extend down to small, but nonzero, val-
ues of γ0 in the vicinity of ω/J = 1/n for integers n.
Likewise, the regions of unbroken PT symmetry now ex-
tend deep into the portion of the parameter space where
γ0/J ≥ 1. By contrast, in the high driving frequency
regime, the non-Hermitian portions of H+ and H− do
not fully cancel leading to PT symmetry breaking for
γ0/J ≥ 2 in this region, and the lack of stable topologi-
cal states [60].
Next, for both Fig. 2(e) and (f), µ < 0, and we see
the high frequency effective static threshold begin to in-
crease far above J . In (e), we show the case for µ = 0.9.
Here, we observe the reduction of the regions of PT -
symmetry breaking which had previously extended down
to small values of γ0 approaching the resonance frequen-
cies ω/J = 2/n specifically for even values of n. A
slight further decrease of µ to −1 gives the case shown in
(f), which corresponds to periodic driving between two
opposite PT -symmetric systems with comparatively re-
versed gain and loss. This type of driving leads to spe-
cific resonant frequencies ω/J = 2/n only for odd inte-
gers n; in the neighborhood of these frequencies, even for
small gain/loss γ0, the system remains in the PT -broken
phase. Furthermore, below a critical driving frequency
ω, the PT symmetry is always broken for γ0/J ≥ 1. Im-
portantly, in the high driving frequency regime, where
ω  γ0, this system appears Hermitian because the av-
eraging effect between H+ and H− leads to the cancel-
lation of the gains and losses. For this configuration,
this system has been shown to support dynamically sta-
ble topological states which survive precisely due to this
type of cancellation [56, 60].
Qualitatively, these results show us that, starting from
a purely static situation at µ = 1, with a PT -symmetry
breaking threshold at γ0/J = 1, as we decrease µ to zero,
many slivers of broken PT symmetry extend down into
the statically unbroken PT phase, eventually bringing
the broken phase down near γ0 = 0 in the neighborhood
of resonance frequencies ω/J = 2/n for integers n. In
this same traversal over µ, we also see the introduction
of similar regions of unbroken PT symmetry extending
into the statically broken regime. However as µ is de-
creased further from 0 to −1, we see that these exten-
sions of the unbroken phase into the broken phase are
removed, and the extensions of the broken phase into the
unbroken phase which correspond to resonance frequen-
cies associated with even integers n are also removed.
In the next section we will analytically compare the two
cases of µ = 0 and µ = −1 to provide insight into this
situation.
IV. ANALYTICAL APPROACH
To gain a better understanding of the numerical re-
sults presented in Sec. III, in this section, we approach
the problem analytically and determine the form of the
Floquet effective Hamiltonian HF (γ/J, ω/J). By analyz-
ing the quasienergies of the effective Hamiltonian, we can
locate the regions of broken and unbroken PT symmetry,
and thereby understand the phase diagram differences for
different values of µ.
We begin by finding the time evolution up to the
first period (t = T ) by manually multiplying out the
product G(T ) = G−(T/2)G+(T/2). Here G(T ) =
exp(−iHFT ) defines the effective Floquet Hamiltonian
HF , and G±(t) = exp(−iH±t) are the time evolution
operators associated to the static Hamiltonians H±.
We note that, after the scaling, the periodic mod-
ulation switches the system between two Hamiltonians
H1,2 = ~r1,2 ·~σ, where we define the complex vectors ~r1 =
(−J, 0, iγ0) and ~r2 = (−J, 0, iµγ0) and ~σ = (σx, σy, σz)
is the usual vector of Pauli matrices. Then, the evolu-
tion up to one period T = 2τ is defined by G(2τ) =
G2(τ)G1(τ), where each time evolution operator Gk(τ)
can be written as
Gk(τ) = cos(rkτ)12 − i sin(rkτ)(rˆk · ~σ) (8)
where r1 =
√
J2 − γ20 and r2 =
√
J2 − µ2γ20 are eigen-
values of the static Hamiltonians H1,2. The resulting
time-evolution operator G(T ), a non-unitary, invertible
2× 2 matrix, can be represented as a linear combination
of the identity and three Pauli matrices, i.e.
G(2τ) = [cos(r2τ) cos(r1τ)− sin(r2τ) sin(r1τ)(rˆ2 · rˆ1)]12
+ [cos(r2τ) sin(r1τ)rˆ1 + sin(r2τ) cos(r1τ)rˆ2
+ sin(r2τ) sin(r1τ)(rˆ2 × rˆ1)] · ~σ . (9)
On the other hand, by parametrizing the Floquet Hamil-
tonian in terms of the magnitude and direction of an
6effective field, i.e. HF = εF rˆF · ~σ, it follows that
G(2τ) = cos(2εF τ)12 − i sin(2εF τ)(rˆF · ~σ). By equat-
ing the coefficients of Pauli matrices, we obtain
cos(2εF τ) = cos(r2τ) cos(r1τ)
− J
2 − µγ20
r1r2
sin(r2τ) sin(r1τ) ,
(10)
sin(2εF τ)rˆF = axxˆ+ iay yˆ + iaz zˆ , (11)
where the dimensionless components of the effective field
direction rˆF are given by
ax =
J
r1
cos(r2τ) sin(r1τ) +
J
r2
sin(r2τ) cos(r1τ),
ay = (µ− 1) Jγ0
r1r2
sin(r2τ) sin(r1τ),
az =
γ0
r1
cos(r2τ) sin(r1τ) + µ
γ0
r2
sin(r2τ) cos(r1τ).
We remind the reader that because r1 and r2 are either
real or pure imaginary, ax, ay, and az are all real quanti-
ties. Also, since r2 is even in µ, at µ = ±1, r2 = r1. Thus,
when µ = −1, which corresponds to PT to reversed-
PT driving, az = 0, and the effective Floquet Hamil-
tonian has the symmetry σzHFσz = −HF . Similarly,
when µ = 1 (the static case), ay = 0, and the Floquet
Hamiltonian reduces to the expected static one.
Note that the eigenvalues of the effective Floquet
Hamiltonian ±εF are determined by Eq. (10). In the
following subsections, we examine two special cases with
µ = {−1, 0} (µ = 1 is the trivial, static case).
A. PT to reversed-PT driving: µ = −1
When µ = −1, the system switches between two PT -
symmetric Hamiltonians with opposite locations of gain
and loss γ0 which are equally matched in magnitude. The
general PT -phase diagram for this situation is depicted
in Fig. 2(f). In this case, since |µ| = 1, r1 = r2, and we
have
cos(2εF τ) = cos
2(r1τ)− J
2 + γ20
J2 − γ20
sin2(r1τ). (12)
The PT symmetric region is determined by the require-
ment cos(2εF τ) ≤ 1, which simplifies to |sin(r1τ)| ≤
|r1|/J . In this form, we see that when r1τ = npi, which
corresponds to an ellipse
γ20 + n
2ω2 = J2 , (13)
the two eigenvalues ±εF are real indicating a PT -
symmetric phase. On the other hand, when r1τ =
(n + 1/2)pi or equivalently, γ20 + (n + 1/2)
2ω2 = J2, the
system has purely imaginary eigenvalues for all γ0 ≥ 0
indicating a PT -symmetry broken phase.
In Fig. 3(a), we show the details of the PT phase dia-
gram arising from such an analysis for the effective Flo-
quet Hamiltonian in the (γ0/J, ω/J) plane. We have plot-
ted these elliptical sections representing PT symmetric
regions (solid white line) and PT -broken region (dashed
blue line) to highlight their position in the parameter
space. We see that the PT -broken phase extends in the
low gain/loss limit (γ0/J  1) down to the resonance
frequencies at ω/J = 2/n for odd integers n. We also
see that the PT -unbroken phase for the low driving fre-
quency regime ω/J ≤ 2 does not extend above γ0/J = 1.
Furthermore, the compact criterion | sin(r1τ)| = |r1|/J
also allows us to obtain the boundary between the two
phases at large values of γ0 and ω. In the high-frequency
regime defined by ω/J  1 and γ0/J  1, the static
eigenvalues approach r1 ≈ iγ. This leads to an approxi-
mate phase boundary in this regime defined by
ω =
piγ
sinh−1(γ/J)
≈ piγ
log(2γ/J)
, (14)
and the PT -broken phase boundary peels back with a
slowly steepening slope as ω is increased, paving the way
for the completely Hermitian result HF = −Jσx in the
very high frequency limit with ω  γ, as expected.
B. PT to Hermitian driving: µ = 0
Another interesting point to examine is the situation
for µ = 0, i.e. when the Hamiltonian is Hermitian for half
the period. For this configuration, the general PT phase
diagram is depicted in Fig. 2(d). In this case, r2 = J so
we have
cos(2F τ) = cos(r1τ) cos(Jτ)− J
r1
sin(r1τ) sin(Jτ) .
(15)
We can see that when r1τ = r1pi/ω = npi, we ob-
tain cos(2F τ) = ± cos(Jτ) thus ensuring real Floquet
quasienergies εF and thus a PT -symmetric phase along
the ellipse Eq.(13).
Importantly, with this type of driving, we can also
show that the PT -unbroken phase extends deep into the
large γ0/J  1 region. In this regime, we can approxi-
mate r1 = iq = i
√
γ20 − J2 and
cos(2F τ) ≈ e
qτ
2
[
cos(Jτ)− J
q
sin(Jτ)
]
. (16)
By requiring cos(2F τ)→ 0 or equivalently,
cot Jτ =
J
q
, (17)
we find that there are slivers of PT symmetric regions
centered at modulation frequencies ω/J = 2/n with odd
n, deep in the otherwise PT -symmetry broken landscape.
In fact, motivated by this, we see that the substitution
of Eq. (17) into Eq. (15) results in
cos(2εF τ) = cos(Jτ) e
−qτ (18)
exactly. The quantity on the right-hand side is always
less than one; thus, the Floquet eigenvalues correspond-
ing εF are real along the line described by Eq. (17) for
all γ0 > J .
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FIG. 3. Detailed comparison of the PT phase diagrams for µ = −1 in (a) and µ = 0 in (b), which correspond the the systems
of Fig. 2(f) and (d) respectively. In (a) we show dashed lines of PT -broken (blue) and PT -unbroken (white) symmetry. The
blue lines follow the PT -broken phase along lines which, for small γ0, extend down to ω/J = 2/n with n chosen as odd integers,
and the white lines follow the PT -unbroken phase along lines which, for small γ0 correspond exactly to ω/J = 2/n for even
integers. We also indicate by a red dashed line the approximate PT phase boundary of Eqn. (14), valid for large values of γ0
and ω. In (b), we show dashed lines of PT -unbroken symmetry for values of γ0 below the static PT threshold (white) and also
above it (red). The white lines follow the same trajectories as in (a); however, the red lines follow a path described in Eq. (17)
which, for γ0  J , approaches the constant frequency value ω/J = 2/n with odd integers n. A horizontal dotted blue line
indicates the static PT symmetry breaking threshold, and a vertical, dotted blue line indicates the constant frequency value
ω/J = 1.
In Fig. 3(b), we show the PT phase diagram for this
situation in the plane of ω and γ0. We have drawn solid
white lines which correspond to Eq.(13) at γ0/J ≤ 1,
and the solid lines which correspond to the solutions for
γ0/J  1, given by Eq.(17) are in red.
V. CONCLUSION
In conclusion we have presented a model which allows
us to connect several active and passive time-periodic
PT -symmetric systems continuously to the static PT
problem through a parameter |µ| ≤ 1. We have shown
the progression of these models from the static case at
µ = 1, with a single PT symmetry breaking threshold
to the case in which the system is driven from a PT -
symmetric Hamiltonian to a Hermitian one at µ = 0.
This progression shows the introduction of many small
regions of broken PT symmetry into the statically un-
broken regime (with gain/loss γ0/J < 1) which extend
down to small neighborhoods around resonance frequen-
cies ω/J = 2/n. Likewise, regions of unbroken PT sym-
metry also extend upwards above γ0/J = 1, so that at
µ = 0, they in fact reach arbitrarily far into the stati-
cally PT -broken regime in small neighborhoods around
ω/J = 2/n for odd n. For high driving frequencies, this
system approaches that of a static PT -symmetric sys-
tem with an effective PT -breaking threshold γ∞/J = 2,
or twice that of the static threshold.
Advancing along this progression, from µ = 0 to µ =
−1, we have seen that some of the regions of PT broken
symmetry which had previously been introduced in the
progression from µ = 1 to µ = 0 are then removed in
this progression with µ < 0. Specifically the PT broken
regions corresponding to resonance frequencies ω/J =
2/n for even choices of n begin to recede, and when µ =
−1, they have completely vanished. In this final case, in
the high driving frequency limit, the system approaches
a Hermitian one with a divergent γ∞.
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